Abstract-Ultrasound shear wave elastography (SWE) is emerging as a promising imaging modality for the noninvasive evaluation of tissue mechanical properties. One of the ways to explore the viscoelasticity is through analyzing the shear wave velocity dispersion curves. To explore the dispersion, it is necessary to estimate the shear wave velocity at each frequency. An increase of the available spectrum to be used for phase velocity estimation is significant for a tissue dispersion analysis in vivo. A number of available methods suffer because the available spectrum that one can work with is limited. We present an alternative method to the classical 2-D Fourier transform (2D-FT) that uses the multiple signal classification (MUSIC) technique to provide robust estimation of the k-space and phase velocity dispersion curves. We compared results from the MUSIC method with the 2D-FT technique twofold: by searching for maximum peaks and gradient-based strategy. We tested this method on digital phantom data created using finite-element methods (FEMs) in viscoelastic media as well as on the experimental phantoms used in the Radiological Society of North America Quantitative Imaging Biomarker Alliance effort for the standardization of shear wave velocity in liver fibrosis applications. In addition, we evaluated the algorithm with different levels of added noise for FEMs. The MUSIC algorithm provided dispersion curves estimation with lower errors than the conventional 2D-FT method. The MUSIC method can be used for the robust evaluation of shear wave velocity dispersion curves in viscoelastic media.
I. INTRODUCTION

S
HEAR wave elastography (SWE) is a method that is used to make noninvasive, quantitative measurements of various mechanical properties. In this technique, focused ultrasound beams are used to "push" in the tissue, which generates a propagating shear wave by acoustic radiation force excitation [1] , [2] . The velocity of the waves changes as a result of variation of the mechanical properties of the tissue. In most SWE applications, the medium is assumed to be elastic, homogeneous, isotropic, linear, and infinite. For this type of medium, time-of-flight methods are typically used to estimate the shear wave velocity [3] .
For a viscoelastic medium, the wave velocity varies with frequency, a phenomenon called dispersion [4] . Multiple SWE methods have taken advantage of this phenomenon by measuring the shear wave phase velocity at different frequencies to evaluate the viscoelasticity of a medium [4] - [8] . In addition to viscoelasticity, geometry of a medium can also cause dispersion. Waves propagating in materials that are thin, with respect to the wavelength of the wave, can undergo multiple reflections resulting in complex wave behavior with multiple modes and variation of phase velocity with frequency [9] , [10] . There are also situations where tissues have finite thicknesses and are viscoelastic, such as arteries, myocardium, bladder wall, and tendons, and so dispersion is present both from viscoelasticity and geometry [11] - [16] .
Chen et al. [4] originally proposed measuring the dispersion of shear waves in tissue-mimicking materials to characterize the viscoelastic mechanical properties. This seminal work used a phase gradient to calculate the phase velocity. The phase gradient at a frequency f is calculated using a formula
where ω = 2π f , x = x 2 − x 1 , and φ = φ 2 − φ 1 . The shear wave phases φ 2 and φ 1 measured at frequency f are 0885-3010 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
measured at two locations x 1 and x 2 , respectively. The phase can be calculated by taking a Fourier transform (FT) of the motion at a given location and extracting the phase of that signal at the frequency of interest. This operation can be repeated for all locations in the data set. Commonly, this phase gradient is measured at several locations, and the slope of the line m = x/φ measured using linear regression or curve fitting [5] , [6] is used in (1) for the calculation of the phase velocity.
In most current applications, the shear wave propagation is measured at multiple lateral locations using ultrafast imaging techniques either using plane wave compounding [17] or by using multiple acquisitions with focused beams [18] . In many cases, the particle velocity v is used for data processing, but displacement or acceleration could also be used. The 2-D Fourier transform (2D-FT) of this spatiotemporal particle motion v(x, t) to create the "k-space" represented by V (k, f ), where k is the wavenumber and f is the temporal frequency [19] , [20] .
For a harmonic wave of frequency f 0 v(x, t) = v 0 e iω 0 t e
where v 0 is the initial particle velocity, ω 0 = 2π f 0 , and k 0 = ω 0 /c 0 + i α 0 . The analytic expression for the 2D-FT is given by
v(x, t)e i (2π f t−kx) dxdt
and when applied to (2) results in
In the Fourier domain, there is a peak located at (2π f 0 /c 0 , f 0 ). For an impulsive input similar to the acoustic radiation force used in many SWE applications, the k-space will have a distribution of energy covering a bandwidth that is related to the push beam geometry and the mechanical properties of the medium [21] . As in the harmonic case, the peaks of the k-space distribution for an impulsive acoustic radiation force push represented the phase velocities of different wave propagation modes. These peaks can be found by searching orthogonal directions, either along the f or k directions as described by Bernal et al. [20] . Typically, a threshold is applied to the k-space before the search to avoid spurious peaks [20] . The coordinates of the peaks are used to calculate the phase velocity c s (
Another way to search the k-space that has been proposed is a Radon sum method, which uses the k-space and finds the curved trajectory defined by a linear dispersion function that maximizes the summed magnitude [22] . Any dispersion function could be defined for this method, but the parameters that provide the maximized sum are reported for the characterization of the medium under investigation.
A different method used for dispersion curves evaluation is based on the multiple signal classification (MUSIC) technique, originally developed in [23] . The method is similar to the classical 2D-FT. In contrast to the 2D-FT method, it replaces the spatial FT with the MUSIC method. Likewise, this method allows for the dispersion curves estimation in a frequencywavenumber representation. The method has been used previously in the structural health monitoring/nondestructive testing field for material elastic constants identifications in nondamping mechanical materials [24] . In the paper by Ambrozinski et al. [24] , the MUSIC method was adopted in order to estimate symmetric and antisymmetric fundamental modes of Lamb waves, in a frequency range up to 1 MHz.
For accurate and robust characterization of viscoelastic media, algorithms to reliably extract the phase velocity dispersion are necessary. Phase gradient and 2D-FT methods can, at times, be prone to failure in the face of experimental noise. Therefore, methods that provide stable dispersion curve estimates are needed.
The rest of this paper is organized as follows. First, we present the MUSIC method as applied for dispersion curve estimation. The MUSIC method is introduced as an alternative to the 2D-FT to compute the k-space representation. We also introduce an alternative for finding the peaks in the k-space representation compared with a 1-D search or the Radon search method. This new method is an image processing approach that utilizes a gradient operation to find the peaks in the k-space. Finally, we also implemented a polynomial fitting of the detected peaks to reduce variation in the estimate of the wave velocity dispersion curves. This method was tested on data from finite-element modeling simulations of shear wave propagation. The robustness of the method was tested by adding noise to these data sets. We also tested the method on data from viscoelastic elastography phantoms. Results from these digital and physical phantoms will be presented. The k-space spectra will be presented in a normalized decibel scale. All references to peaks mean the maxima in the frequencydomain representation (k-space). It is assumed that the shear waves are observed over one half of the x-axis as described in [25] . The results will be followed with a discussion and conclusions.
II. METHODS
In this section, the MUSIC method is adopted for dispersion curves estimation from data produced from digital phantoms based on finite-element methods (FEMs) viscoelastic models, and experimentally from viscoelastic tissue-mimicking phantoms. The whole procedure is described in the following in Section II-C. Appropriate examples are provided in order to show its efficiency and robustness in Section III. Earlier, however, descriptions of the numerical FEM viscoelastic and experimental phantoms used in the Radiological Society of North America (RSNA) Quantitative Imaging Biomarker Alliance (QIBA) effort for standardization of shear wave velocity in liver fibrosis applications are introduced in Sections II-A and II-B, respectively.
A. Numerical FEM Viscoelastic Phantoms Description
To produce digital phantoms of viscoelastic materials, for which the mechanical properties are known, we used finiteelement modeling. Finite-element modeling for SWE applications has been used by multiple groups [22] , [25] - [32] . Recently, guidelines for performing these types of simulations for tissue-mimicking materials were reported [33] . For these [34] , [35] . The array that was simulated was a curved linear array with a radius of curvature of 60 mm, an element height of 14 mm, an element pitch of 0.477 mm, an elevation focus of 50 mm, and a center frequency of 3 MHz, and using a medium attenuation α of 0.45 dB/cm/MHz and a sound speed c of 1540 m/s. The pressure was calculated, and the intensity I was calculated by squaring the pressure to be used in the body force defined by F = 2α I /c [36] . Focal depths of 30, 50, and 70 mm were used for the push beams with a fixed F-number (F/N) of 2.
The viscoelastic domains were uniformly spatially sampled at 0.167 mm. The dimensions of the simulated domain are x = ±25 mm in the azimuthal dimension, y = ±10 mm in the elevation direction, and z = 0-100 mm in the axial dimension. Simulations were performed with quarter symmetry; so the domain described by x = 0-25 mm, y = 0-10 mm, and z = 0-100 mm was used for the calculations of motion. The viscoelasticity was modeled using the generalized Maxwell model as defined in [22] , [31] , and [37] . The relaxation shear modulus G r of this model is
where G ∞ is the long-term modulus, G 1 is the spring elasticity, and β is the decay constant of the relaxation modulus. The instantaneous shear modulus is
The decay constant is
where η is the damper viscosity. The phase velocity dispersion relation for this model is given as follows:
where
Three different viscoelastic media with material properties tabulated in Table I are studied in this paper.
Numerical FEM shear wave responses for digital phantoms of viscoelastic materials are studied twofold. Examples of a "clean" (without any additional noise) as well as in the presence of a noise-as added white Gaussian noise-wave motions are examined. The white Gaussian noise was generated in MATLAB software and then manually added into shear wave time-domain particle velocity signals. The power of the wave motion was measured. Subsequently, white Gaussian noise was added to the time-domain vector signal. Here, a signal-to-noise ratio (SNR) for the noise-added models was set to vary between 5 and 25 dB.
B. QIBA Phantoms Description
Three viscoelastic, oil-water emulsion phantoms (CIRS, Inc., Norfolk, VA, USA) were used in a multicenter study conducted by the RSNA QIBA Committee for standardizing shear wave speed measurement for the purposes of determining stage of liver fibrosis [37] - [39] . These phantoms were designed such that each one represented a different stage of liver fibrosis [39] . They are denoted phantoms A, B, and C for this paper. Shear wave acquisitions were performed with a Verasonics system (Vantage, Verasonics, Inc., Kirkland, WA, USA) and a curved linear array transducer (C5-2v, Verasonics, Inc.). Data were taken with different focal depths to explore biases related to acquisition depth. Acoustic radiation force push beams were focused at 30, 45, and 70 mm with an F-number of 2.2. The push duration was 800 μs, and the push frequency was 2 MHz. A wide beam acquisition was used using three beams that were coherently compounded [17] . The effective frame rate after compounding was 1.8315 kHz. The motion (shear wave particle velocity) was calculated from the in-phase/quadrature data using an autocorrelation algorithm [40] .
C. Multiple Signal Classification Method Used for the k-Space Evaluation
The k-space dispersion curves of ultrasound shear waves can be processed using a methodology, which adopts a 1-D timedomain FT and the MUSIC method. In summary, the steps of the procedure used for an experimental k-space spectra estimation can be summarized as follows.
Step 1: Collect shear wave motions as a time-domain data for spatially evenly distributed sensors.
Step 2: Conduct the 1-D time-domain FT for set of signals measured from all space positions.
Step 3: Subject resulting vector data to the MUSIC approach, to find the wavenumber content (the kspace spectrum). The MUSIC method is an improvement of the Pisarenko's harmonic decomposition technique [41] . Similar to Pisarenko's algorithm, the MUSIC technique is a frequency estimation procedure. It provides asymptotically unbiased estimates of a general set of signal parameters. The method relies on the orthogonality between signal and noise subspaces spanned by the eigenvectors of the correlation matrix to conclude signal propagation characteristics for multiple signal contributions.
The algorithm evaluates wavenumber spectra using an eigenspace analysis method. For each temporal frequency, the M × M autocorrelation matrix (R x ) of the spectrum is calculated. M stands for a size of the R x matrix and should be chosen lower than the length of the input vector data. Based on a truncated decomposition, the R x matrix can be decomposed in terms of eigenvectors and eigenvalues as
λ iviv H i (10) in which λ i andv i are the i th eigenvalue and eigenvector of R x . Equation (10), after grouping the eigenvectors into signal and noise subspaces, can be rewritten as
λ iviv H i noise subspace (11) where p is the number of eigenvectors related to the signal subspace. The largest p eigenvalues define a signal subspace.
Then, by arranging the eigenvalues of the autocorrelation matrix in the decreasing order, the corresponding eigenvectors (v 1 , · · · ,v M ) are separated into two groups: the p eigenvectors associated with the shear wave signal (an integer number of complex exponentials the signal consists, which must be known a priori) and the M − p eigenvectors associated with noise, respectively. The MUSIC algorithm is an approach using only the noise subspace with all eigenvectors weighted equally, instead of, by their corresponding eigenvalues, consequently
Ideally, as the method assumes, the eigenvectors of R x will have p roots that lie on the unit circle at the frequencies of the complex exponential. In the same time, the eigenspectrum associated with the noise eigenvector (which roots may lie anywhere) will exhibit sharp peaks.
Using the noise subspace eigenvectors (M − p), the k-space with robust peaks that corresponds to the phase velocity of the major shear wave component can be calculated using the following estimation function [42] :
whereē H is the vector of complex exponentials e j kω i . Superscript H denotes the Hermitian operator. The eigenvectorsv i used in the summation correspond to the M − p smallest eigenvalues that span the noise subspace. Based on (13), the wavenumbers of the complex exponentials are taken as the locations of the p maximum peaks inP(e j k ).
The above-mentioned procedure has been implemented in MATLAB (Mathworks, Natick, MA, USA) to show and evaluate the principle and its basic performance. We conducted tests using this new method with FEM numerical and QIBA experimental data and compared results with 2D-FT results. The results of these tests have demonstrated the potential of this approach for handling dispersion curves of shear waves (1-10 m/s) in medical applications.
In this paper, we use three different methods to search the k-f space generated by the 2D-FT or MUSIC methods. The conventional 2D-FT method used a peak detection method by finding the values of k where there are local or global maxima at a given value of f . A different empirical image processingbased method for searching for peaks is based on computing a gradient of the k-space magnitude distribution and finding the associated zero-crossings that correspond to the peaks. This was partially motivated by the work of Bernal et al. [20] that performed a search for peaks in both directions in the k-f space.
For a 2-D function f (x, y), the gradient is given as
If we consider a 1-D function with a peak at x = x p , then if we take the derivative, the derivative has a zero-crossing at x = x p . Detections of zero-crossings could be used instead of peaks in the magnitude distribution along a given search direction, either frequency f or wavenumber k. When the 2D-FT is taken, typically zero-padding is used, and so the resolution of the k-space can be variable. Calculating a numerical gradient with the native gradient function in MATLAB (gradient.m), which uses a central difference algorithm, can give different results depending on the resolution of the k-space. To avoid this issue, a Fourier-based derivative can be performed using
where Re{•} indicates taking the real component and k x is the Fourier-domain variable corresponding to x. This technique for taking the derivative is performed in both the temporal and spatial dimensions, and the results are summed to compute the gradient of the k-space. Phase velocities estimated based on the 2D-FT and MUSIC methods are calculated from the maximum peaks and the gradient techniques. Moreover, they are calculated for fitted wavenumber-frequency pairs for the gradient method only. In this approach, a third-order polynomial curve fitting was adopted for the k-space peak or zero-crossing locations, for both the MUSIC and 2D-FT techniques. Next, for the fitted wavenumber-frequency curves, phase velocities are calculated and compared with nonfitted results. This was used, because the calculation of the wave velocities c = 2π f /k involves a division of the values of the wavenumber coordinates which, if the data exhibit significant spread, the wave velocities could also have large variation. Applying a least-squares polynomial fitting can reduce that variation. Dispersion curve results were compared by calculating mean of the root-mean-square error (RMSE) between 40 iterations of the measured curves and the true curves for the FEM results based on the true curves calculated with the values in Table I . The RMSE can be calculated as follows:
whereÃ i is a phase velocity vector of predictions made up of N scalar observations and A i is the vector of observed values. For the curve fitting, a cubic polynomial was used. We have observed that in some cases, the polynomial will sharply change when the peaks are difficult to be identified. The choice of the cubic polynomial as the curve fitting model was arrived at by trial-and-error to make the curve smooth but adapt to the data adequately. However, the fitting of the wavenumbers using a polynomial provided more stability in both the 2D-FT and MUSIC results.
III. RESULTS
A. MUSIC Method Investigation
An example of the p signal [see Fig. 1(a) ] and M − p noise [see Fig. 1(b) ] eigenvectors, as well as eigenvalues [see Fig. 1(c) ] for various frequencies, is presented in Fig. 1 . A fast Fourier transform (FFT) length of 1024 with p = 1 and M = 128 values was used. The results were calculated for the experimental QIBA phantom type A measurements at a focal depth of 30 mm. Clear differences between the signal (a smooth pattern) and noise (a random pattern) eigenvectors are noticeable. Visible change of eigenvectors for the p signal subspace at a frequency of 530 Hz [see Fig. 1(c) ], called stopping frequency, exhibits the end of the Brillouin zone [43] , [44] , where the group velocity of shear wave tends to zero. This reflects the end of a shear wave mode on the k-space spectrum presented in Fig. 1(d) for MUSIC and Fig. 1(e) for 2D-FT techniques. The k-space spectrum, for the MUSIC method, was calculated using (13) for which appropriate eigenvectors are presented in Fig. 1(a) and (b) .
The MUSIC method consists of two tuning parameters that can influence responses. These are p and M values. Their influence on results is presented in Figs. 2 and 3 . Fig. 2(b) -(d) present examples of the profiles of the k-space spectrum for the same QIBA phantom data type A. They were calculated using the classical 2D-FT and MUSIC approaches. The computations were done for an acoustic radiation force focused and shear waves measured at the depths of 30, 45, and 70 mm [i.e., Fig. 2(b)-(d) ], respectively. Presented data are selected for a single temporal frequency equal to 180 Hz, chosen from the whole frequency domain for which the MUSIC method was applied [see Fig. 1(d) ]. The FFT length and M value were constant at levels of 1024 and 128, respectively. In this case, the p parameter was under the investigation and varied from 1 to 4. The approach applying the MUSIC method exhibits a sharp peak and a robust pseudospectrum estimate of the input shear wave velocity signals, presented in Fig. 2(a) . The signal peak estimated from MUSIC, for p = 1, is much narrower than that obtained using from the classical 2D-FT, and the background level is much smoother. Increasing p value causes widening of the signal peak, as well as it appears to exhibit more variation. Results gathered from the 2D-FT approach have a wider peak profile as well as side lobes, which result in ambiguities in phase velocity estimation. The highest peaks in the wave forms in Fig. 2(b) -(d) for data with different focal depths correspond to the propagating shear waves. The essential difference is that the classical 2D-FT takes an FT on the raw shear wave signal along the spatial direction, while for the MUSIC-based method, the FT is calculated in time, and then, the MUSIC algorithm is applied to the signal at specific frequencies, which gives a better estimate of the shear wave wavenumber. This reveals the much improved resolution and the sidelobe control achieved with the MUSIC technique. With one signal assumed here ( p = 1), the peaks related to other signals, such as other vibration modes, are suppressed. By decreasing the noise subspace dimension (increasing the p value), besides the peak related to the dominant energy signal, other peaks with lower energy can be detected, as well. This is important, especially in other applications, where multiple modes are present. Fig. 3 presents the influence of M value used in the MUSIC algorithm. The first row presents normal views of the profiles of the k-space spectrum for the QIBA phantom data type A, as in the previous case. The second row shows their zoomed views. Again, the FFT length was set to be 1024 and p = 1. The value of M was varied and equal to 32, 64, 128, and 256, respectively. By using various sizes of the correlation matrix, the width of the main peak changes slightly. Moreover, for M = 32, the position of the maximum value slides in the wavenumber domain. When M = 64 or above is used, the maximum value of the peak does not move in Fig. 4 . Top row presents spatiotemporal shear wave propagation using the particle velocity signal. Magnitude of the k-space spectra calculated using the 2D-FT (middle row) and MUSIC (bottom row) methods. Results were calculated for the numerical FEM viscoelastic phantoms without added noise, with assumed material properties. the wavenumber direction. The size of the correlation matrix also has influence on a level of suppressed, constant energy visible in the rest of the wavenumber domain. For all depths investigated, the suppressed energy is at a constant level magnitude, i.e., approximately −18 dB, for M chosen to be equal to 256. Considering M = 32, the energy at a level of approximately −38 dB for depths of 30 and 45 mm and −32 dB for 70-mm depth is present.
Based on the above-mentioned investigations, an FFT length of 1024, p = 1, and M = 128 were selected in further numerical FEM viscoelastic and experimental QIBA phantom studies.
B. Numerical FEM Viscoelastic Phantom Results
Numerical FEM viscoelastic phantom results were investigated for an acoustic radiation force focused at a depth of 50 mm. A push force was delivered for a time duration Table I . Moreover, Figs. 4 and 5 (top rows) show the spatiotemporal particle velocity, for all three media on a linear scale.
Comparing the dispersion curves (wavenumber-frequency pairs) evaluated based on the 2D-FT and MUSIC methods clear differences can be distinguished. For the MUSIC technique (bottom row in Figs. 4 and 5) , sharp contours corresponding to the wavenumber-frequency pairs in the pseudospectrum are observed. For this approach, when no noise exists, the polynomial fitted curve is not needed in order to distinguish maximum wavenumbers for higher frequencies. However, this is not possible for the classical 2D-FT approach. Here, maximum wavenumber values for higher frequencies cannot be resolved easily.
The problem becomes more vexing when noisy data were analyzed. As shown in Fig. 5 , for the classical 2D-FT method, even the polynomial fitted curve does not give good results, especially for Phantom 1 at high frequencies (900-1500 Hz) [see Fig. 5(d) ]. Wavy fitted curves can be seen in comparison with the clean data presented in Fig. 4 . The MUSIC method deals with this problem much better. Again, robust values of wavenumbers for the selected frequency range are visible. Besides, these patterns are not so smooth as for the clean data, still by adopting curve fitting appropriate wavenumbers can be estimated. This is more visible on the phase velocity results presented in Fig. 6 and quantified in the mean RMSE results in Fig. 7 . Fig. 6 shows the phase velocity dispersion results from the 2D-FT and MUSIC methods for the clean (without added noise) and noisy (SNR = 20 dB) data. Phase velocities were calculated using the classical formula c = 2π f/k based on the k-space spectra presented in Figs. 4 and 5. It was done in various ways, i.e., finding maximum peaks. Here, the threshold value was set to be constant at a level of 0.05 for clean and noisy data. All these results are compared with the true values. Results presented in Fig. 6 are to show differences pictorially and appreciate the deviation from the reference values. More detailed analysis is given in Section III-C.
C. Root-Mean-Square Error Analysis for Numerical FEM Viscoelastic Phantom Models
The mean RMSE for the numerical FEM data is investigated in this section and presented graphically in Fig. 7 and numerically in Table V in the Appendix. The RMSE values were calculated for 40 iterations in a frequency range from 100 to 1400 Hz. They were investigated for various levels of SNR, i.e., 5, 10, 15, 20, and 25 dB. A threshold applied to the k-space before the search to avoid spurious peaks was set to be constant for all investigated cases at a level of 0.05. Moreover, a cutoff window for phase velocity calculations was provided in order to limit extremely scattered values. Its limits were equal to 1-7 m/s. These limits were informed by what values may be expected in examination of liver tissue [45] .
The numerical FEM viscoelastic phantoms with material properties tabulated in Table I were examined. Three different focal depths were analyzed, i.e., 30, 50, and 70 mm.
For clean data, the largest RMSE of phase velocity exists for the 2D-FT peaks method for all phantoms and depths investigated except Phantom 1 and a focus depth of 70 mm, where the 2D-FT gradient technique exhibits larger RMSE. At the same time, the smallest RMSE values appear for the 2D-FT gradient fitted approach for Phantom 1 only. The MUSIC gradient fitted technique deals better with two other phantoms, i.e., 2 and 3. For noiseless data, Phantom 3 with a focus depth of 30 mm exhibits the largest RMSE value at a level of 0.36 m/s, whereas the smallest one was recorded for the MUSIC gradient fitted approach at a level of 0.046 m/s, as can be seen in Table V. When noisy data are analyzed, the 2D-FT method provides larger errors in comparison with the MUSIC procedure. Only for SNR = 5 dB, the smallest RMSE values appear for Phantom 1 for the 2D-FT gradient fitted approach instead of the MUSIC one (Table V) . Here, the smallest RMSE values are: 0.221, 0.178, and 0.261 m/s at the focal depths of 30, 45, and 70 mm, respectively). For other noisy cases, 2D-FT peaks, gradient, and gradient fitted approaches exhibit the largest RMSE values. The lowest value belongs to the MUSIC gradient fitted method as can be seen in Fig. 7 and Table V . Here, the MUSIC method shows its efficiency and great potential for analyzing the shear wave when noisy data are processed, which is often the case in vivo. Fig. 8 presents examples of how the selection of the threshold value for evaluating the k-space magnitude affects final phase velocity results. Here, the cutoff window for phase velocity calculations was also provided in order to limit scattered values below 1 and above 7 m/s. Results for three different threshold levels are shown, i.e., 0.05 [see Fig. 8 much difference. Differences at a level of one thousandth of the RMSE are observed. This demonstrates that the threshold levels should be carefully selected for considered data type when the 2D-FT approach is used. In further applications, its optimal value should be applied.
D. Experimental QIBA Phantom Results
In this section, the MUSIC-based method used for the k-space spectra and phase velocity estimation of shear waves was adopted for the experimental QIBA phantom data. As in Sections III-B and III-C, results for the MUSIC-based method are compared with those from the 2D-FT. In this section, three different QIBA phantoms were investigated, and the results are shown in Figs. 9-11 . For each phantom, various focal depths were studied, namely: 30, 45, and 70 mm. As in Section III-B, here, a polynomial curve fitting was done for the k-space spectra. Plots showing the phase velocity results [ Fig. 9(g)-(i) , Fig. 10(g)-(i) , and Fig. 11(g)-(i) ] contain outcomes only for the gradient-based method (for both MUSIC and 2D-FT). Results based on searching for the maximum peaks approach were omitted here due to its inferior efficiency as proved previously in Sections III-B and III-C.
The k-space spectra evaluated based on the MUSIC method show robust wavenumber-frequency pairs for all phantoms and focal depths investigated, similar to the observations in the simulation study. Strong wave modes, i.e., amplitudes, for the k-space spectra calculated using the 2D-FT approach are visible up to 400 Hz (for the focal depths of 30 and 45 mm) and 200 Hz (for the focal depth of 70 mm). Polynomial fitted curves prolonged this range. Nevertheless, wavenumberfrequency pairs evaluated based on the MUSIC method give more robust results for higher frequencies. This occurs for all phantoms and focal depths investigated.
The fitted curves present a "knee-shaped" pattern at the end of the shear wave modes because of the disappearance of the shear wave signal, after which the fitted curves primarily follow the noise signal at high frequencies.
The phase velocity results are also presented in Figs. 9-11 in the bottom rows. As for the numerical FEM viscoelastic phantoms, in this case, the phase velocity dispersion results were calculated using the same formula c = 2π f /k. It was evaluated based on the k-space spectra presented in the first and second rows for each phantom. True values were not available for For the deepest acoustic radiation force focusing (i.e., 70 mm), for all phantoms considered, the range of frequencies for which the phase velocities are reliable is limited probably due to the poorer SNR for the shear waves measured at this deep focal depth. Only phantom A has stable results for the MUSIC approach at the deepest focal depth, for which the SNR is 35 dB. Table III shows the value of SNR for different focal depths, for all QIBA phantoms investigated. IV. DISCUSSION A method for the estimation of k-space spectra and phase velocities for shear waves ultrasound used for medical applications-based on the MUSIC method-has been proposed. The approach utilizes a 1-D time-domain FT and the MUSIC method to find the wavenumber-frequency content of the shear wave signal. In addition to the maximum peak method for identifying the dispersion curves in the kspace, we introduced an alternative gradient-based method to find zero-crossings that represented the phase velocities. An additional step that was used was the use of a polynomial to fit wavenumber data points identified with the gradientbased search method.
It should be noted that the gradient-based method is an empirical approach to take into account a 2-D search in the k-f space similar to that shown in Bernal et al. [20] . We will explore a rigorous theoretical development related to this method in future work to clarify how this method works.
These methods were tested on simulated data from FEM models of shear wave propagation induced by acoustic radiation force in viscoelastic media. We compared the performance of the different methods based on the 2D-FT and MUSIC methods using different levels of added noise as shown in examples in Figs. 4-6 and more thoroughly with an analysis of the RMSE in Fig. 7 and Table V. The results in Fig. 7 showed that, in general, the 2D-FT methods had much higher values of RMSE than their counterparts based on the MUSIC method. This was particularly evident, as the SNR of the data was varied. The MUSIC method RMSE did not vary significantly as the SNR varied. In addition, the MUSIC with the gradient-based search method typically had lower RMSE compared with using the peaks, and using the fitting function improved the results slightly compared with not using the fitting.
The methods were also tested with experimental data in tissue-mimicking viscoelastic phantoms. The results were generally similar between the 2D-FT and MUSIC methods. However, when using the fitting, the usable bandwidth of phase velocities was typically increased as summarized in Table IV . To determine the usable bandwidth, the peak with the highest frequency that exceeded the magnitude threshold was selected. In the case of the fitted curves, the usable bandwidth was defined as the last point prior to the fit turning into the knee shape. The bandwidth is generally higher in the FEM data compared with the experimental phantom data. The finite energy in the push in the experiment limits the motion bandwidth.
The threshold applied on the magnitude chosen for the 2D-FT and MUSIC analyses were varied in Fig. 8 and Table II . The MUSIC method results were not as dependent on thresholding as those from the 2D-FT technique. This is another advantage of the MUSIC method.
The MUSIC method does require tuning parameters to be used, and typically, there is an optimal value to provide the most accurate measurements. Namely, the size of the autocorrelation matrix M should be tuned (treated as the noise subspace eigenfilter), as well as the p value representing the number of main components present in an investigated signal. Since, the number of complex exponentials must be known a priori, the method is somewhat limited. For the Fig. 11 . Magnitude of the k-space spectra calculated using the 2D-FT (top row) and MUSIC (middle row) methods, and comparison of phase velocities calculated based on various approaches (bottom row). Results were calculated for the QIBA phantom type C with a focal depth of (a), (d), and (g) 30 mm; (b), (e), and (h) 45 mm; and (c), (f), and (i) 70 mm. Dashed-dotted lines in the k-space spectra correspond to a polynomial fitting. investigation of guided waves where there may be more than one mode, the value of p may have to be varied to explore how many modes might be produced by an acoustic radiation force push or some other types of excitation.
It should be noted that the wave velocity dispersion results from both the 2D-FT and MUSIC methods are dependent on the data input to the algorithm. The acoustic radiation force push produced by array transducers is often approximated as a cylindrical source as opposed to a plane wave [4] . As a result, it has become more common, particularly when trying to solve for the shear wave attenuation, a correction is applied to account for the geometric attenuation produced by the cylindrical wave source [25] , [46] - [49] . In the reports by Rouze et al. [25] , [49] and Nenadic et al. [47] , this correction does not yield a large change in the wave velocity dispersion. However, adjusting the distance range of the data, i.e., the distance from the source and the distance traveled, can cause changes to the dispersion. This has been observed in practice [49] but not systematically explained yet.
Some of the bias in the measurements, even with no noise in the FEM data, may come from two sources. First, the acoustic radiation force push is generally well behaved near the focus, but shear waves are created from prefocal and postfocal zones and could constructively interfere to introduce error into the measurements. Equations (2)-(4) are related to ideal plane wave propagation, and in the numerical and physical phantom data, the plane wave case is not obtained. The work by Rouze et al. [25] does develop the theory to partially deal with this in accounting for the focal region, but is still not complete as there are shear waves generated before and after the focal region as previously mentioned. The second source may the algorithm itself producing some systematic bias.
Another aspect for the use of the MUSIC method in practice is physiological (breathing and cardiac) or subject motion. These factors would affect the quality of the measured shear wave. Filtering approaches could be utilized to reduce these effects or care could be taken during the acquisition to avoid or mitigate these factors. Future studies would be devoted to comparing the 2D-FT and MUSIC methods in data from biological tissues.
In future work, we will use these methods on data from ex vivo and in vivo tissue measurements to determine the robustness of the MUSIC method, the gradient search, and the curve fitting approach. For guided wave cases, there are typically multiple modes present. The MUSIC method requires the number of expected modes to be specified and that can be an input parameter to the algorithm, but was not explored in this paper.
V. CONCLUSION
A method for the estimation of wave velocity dispersion curves based on the MUSIC method was presented. We also added the developments of an empirical gradient-based search for peaks in the wavenumber-frequency space and the use of curve fitting to reduce variation in the estimated phase velocities. The newly developed methods were tested on simulated and experimental phantom data. In comparison with the classical 2D-FT methods, the MUSIC method achieved better performance with reduced SNR in the simulation data and extended the usable bandwidth for dispersion analysis in experimental results. Future work will be devoted to use this method in the viscoelastic characterization of soft tissues.
APPENDIX
See Table V. 
